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Abst ract - - In  this note, we study the structural classification and structural stability of diver- 
gence-free vector fields on compact manifolds M C S 2 (or M C p2, or M C K 2) with or without 
boundary. The main motivation is to understand the topological and geometrical structure of the 
Lagrange dynamics of incompressible f uid flows. (~) 1999 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
The main mot ivat ion of this note is to s tudy the topological  and geometr ical  structure of the 
Lagrange dynamics  of incompressible fluids flows. The Lagrange dynamics of incompressible fluid 
flows. The Lagrange representat ion of a fluid flow is to s tudy the dynamics and tra jector ies in the 
two- or three- d imensional  physical space the fluid occupies. Namely, one studies the dynamics 
of the ord inary  differential equations in the physical space 
dx 
d'-~ = v(x, t), xlt=o = Xo. (1) 
Here v is the velocity field of the fluid, satisfying the Navier-Stokes equation, x is the physical 
locat ion of the fluid parcel, t the time. 
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To study the dynamics of (1), our basic approach i~clud~s two steps: 
1. we study the structural stability and topological classification of the vector field v(x, t) at 
each time instant, treating the time t as a parameter, and 
2. allowing the time variable to change, we study the bifurcation of the topological structure 
of the field v at different ime. 
The main results of this article include: 
1. structural classification of divergence-free v ctor fields, 
2. structural stability for divergence-free v ctor fields on compact manifolds with or without 
boundary, and 
3. the Poincar@-Hopf index theorem for vector fields on manifolds with boundary. 
It is worth pointing out that according to the Hodge decomposition, when i l l(M) ¢ 0, a 
divergence-free v ctor field consists of both the Hamilton and the harmonic parts. Therefore, 
in general, a divergence-free v ctor is not a Hamiltonian vector field, and the results and theory 
in Hamiltonian dynamics do not seem to be directly applicable to divergence-free v ctor fields. 
Moreover, it is easy to see from the results we obtain in this note that divergence-free v ctor 
fields do not have the hyperbolic structure studied and proposed by Smale [1], Peixoto [2], and 
others. For example, Theorem 2 below and the stability theorem obtained by Peixoto in [2] yield 
immediately that no divergence-free v ctor field is structurally stable under the perturbations of
general vector fields. Finally, we would like to mention very interesting results by Broer [3] on 
bifurcation of divergence-free v ctor fields in R 3. 
2. STRUCTURAL CLASS IF ICAT ION OF  
D IVERGENCE-FREE VECTOR F IELDS 
Let M be a two-dimensional C r (r > 1) compact manifold with or without boundary OM. Let 
Cr(TM) be the space of all r th differentiable vector fields v on M such that V]OM E C~(TM), 
namely the restriction of any r th differentiable vector field v E Cr(TM) on the boundary OM is a 
r th differentiable vector field of the tangent bundle of OM. In fluid mechanics, this corresponds to 
the natural condition that there is no normal flow. Let D~(TM) be the set of all incompressible 
vector fields v E C~(TM), i.e., divv = 0. 
Closed orbits play an important role in the structure of v. For a divergence-free v ctor field v, 
we show that the subset V C M of all closed orbits of v is open. Therefore, it is natural to 
introduce two new concepts: circle cells and circle bands. First, let p E M be a center v. The 
largest neighborhood C of p containing closed orbits is called a circle cell of the center p. Second, 
given a closed orbit, let B be the largest neighborhood of 7 containing only closed orbits. If no 
connected component of aB is a single point, then B is called a circle band. 
To understand the w and c~ limit sets of a regular point x0 E M of v (i.e., v(xo) ~ 0), we 
prove a version of the Poincar~-Bendixson theorem for divergence-free v ctor fields. We show 
that when M C S 2 (or M C p2 or M C K 2) and v is a regular vector field on M, the w and c~ 
limit sets of a regular point xo E M of v are either a saddle point or a nonlimit cycle closed orbit. 
Consequently, saddles are connected to saddles. 
THEOREM 1. STRUCTURAL CLASSIFICATION. Let M C S 2 (or M C p2 or M C K 2) be a two- 
dimensional compact manifold with or without boundary, and v E Dr(TM)(r  >_ 1) be regular. 
Then the topological set of orbits of v consists of finite connected components of the circle cells, 
circle bands, and saddle connections. 
The proof of this theorem is based on a new version of the Poincar@-Bendixson theorem for 
divergence-free v ctor fields, and local analysis near periodic orbits and singular points; we refer 
the interested readers to [4] for details. 
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For general 2D manifolds, M - V may not be exactly the saddle connections; it consists of 
the saddle connections and the ergodic sets (ergodic omponents); we refer the interested readers 
to [5] for more details. 
3. STRUCTURAL STABIL ITY  OF  
D IVERGENCE-FREE VECTOR F IELDS 
The study of structural stability has been the main driving force behind much of the de- 
velopment of dynamical systems theory (see among others [1,2] ). As we indicated before, we 
are interested in the structural stability of a divergence-free v ctor field with perturbations by 
divergence-free v ctor fields. We call this notion of structural stability the incompressibly struc- 
tural stability. Here is the precise statement of the theorem. 
THEOREM 2. GLOBAL STRUCTURAL STABILITY. Let M C S2(or p2) be a compact manifold 
with or without boundary, and v 6 D~(TM) (r >_ 1). Then v is (globally) incompressibly 
structurally stable if and only if 
(a) v is regular, 
(b) all interior saddle points of v are selfoconnected, and 
(c) each boundary saddle point is connected to boundary saddles on the same connected com- 
ponent of the boundary. 
A few remarks are now in order. 
1. When M is a 2D orientable compact manifold with nonzero genus (e.g., a torus), we 
have shown in [5] that no v 6 D~(TM) is structurally stable under the perturbation by 
C ~ (r _> 1) divergence-free v ctor fields. 
2. In comparison with Peixoto's classical stability result [2], our Conditions (1)-(3) for struc- 
tural stability do not exclude (nonhyperbolic) enters and saddle connections. It is in- 
teresting to notice that no divergence-free v ctor field is structurally stable under the 
perturbations by general vector fields. 
3. The proof of the structural stability theorem is involved and delicate; see [4] for details. 
Due to the nonhyperbolic structure of the divergence-free v ctor fields, the classical meth- 
ods of proving the structural stability do not apply. Some new methods are introduced, 
which are presented essentially in four technical lemmas. In particular, a class of special 
divergence-free v ctor fields are introduced as a new device to break saddle connections 
into what we called self-connected saddleconnections. 
4. PO INCARt~-HOPF INDEX THEOREM 
FOR MANIFOLDS WITH BOUNDARIES .  
To obtain more detailed quantitative properties of the topological structure of these vector 
fields, we need to generalize the classical Poincar6-Hopf index theorem to these vector fields on 
a manifold with boundary, which may have singularities on the boundary. 
DEFINITION. Let M be a C ~ (r >_ 1) compact manifold with boundary OM and v 6 C°(TM) .  If 
p 60M is an isolated singular point of v, then the index ofv at p is defined by 
1 
ind (v,p) = ~ind (9,p), (2) 
where 9 is the reflective xtension of v. 
THEOREM 3. INDEX THEOREM. Let M be a C r (r >_ 1) compact orientable manifold with 
boundary and v 6 C°(TM) .  If  v has finite number of singular points pi 6 M (1 < i < I), then 
the following formula holds true: 
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I f X(M),  when d imM = even, 
~-~ ind (v, p i )=  
i=l ~ 0, when dim M = odd, 
where X( M) is the Euler characteristics ofM. 
The classical Poincar~-Hopf index theorem was proved by Hopf [6] in 1926 after earlier partial 
results by Brouwer and Hadamard with a two-dimensional version given by Poincar~ in 1885. 
It seems to us that in the classical index theorem and its known extensions, it is assumed (see 
among others, [7]) that either the manifold is compact without boundary, or the vector field has 
no zeroes on the boundary with some additional conditions. The readers are referred to [8] for 
detailed proofs and further applications of the index theorem. 
From the Index Theorem and the classification theorem, we derive a basic formula for the large 
scale ocean/atmosphere circulation, which reads 
C-S-1B=I -k .  
2 
(3) 
Here C is the number of circulation centers, S the number of interior saddle points of saddle 
points, and B the number of boundary saddle points, and k the number of islands/continents. 
5. REMARKS ON APPL ICAT IONS 
In fluid mechanics, the physical domain occupied by a 2D fluid is often considered to be a 
compact submanifold of S 2, noticing that R 2 C S 2. There are many situations that a fluid can 
be treated as two dimensional. Direct example are the stratified 3D flow and flows on 3D thin 
domains. Both the large scale atmosphere and the ocean are strongly stratified and thin; it is 
legitimate, to the first order, either to treat the ocean/atmosphere as two dimensional, or to study 
different horizontal layers of the ocean/atmosphere; we refer the interested readers to [9,10] for 
ocean/atmosphere p oblems using the Euler point of view. It is worth pointing out that our theory 
is useful in drawing the weather map and the map of the large scale ocean currents. In fact, the 
interior centers correspond to circulations, which are observable; boundary saddles correspond to 
jets moving toward or away from the boundary, which are also observable. By the index formula, 
the number of interior saddles can be easily determined. The structural classification theorem 
and the global structural theorem ensure that the global structure of the flow pattern is then 
uniquely determined by saddle connections. Moreover, given a divergence-free v ctor field, it is 
easy to verify the structural stability conditions in Theorem 2, which can be directly used in 
verifying the structural stability of the flow pattern. 
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